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AL
— Basic idea:

Probability that a vector x will fall in region R is:
P = | p(x)dx (1)
R

Therefore, the ratio k/n is a good estimate for the probability
P and hence for the density function p.

[ pO¢)dx= p(x)V (4)

pP(X) is continuous and that the region £is so small that p
does not vary significantly within it, we can write:

k/n

D (X) = ——
P, (X) v

where X iIs a point within £and V the volume enclosed by £.

equation (1) and (4) yields histogram:
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* Dissects the range of the data into bins of equal width
along the horizontal axis

« Vertical axis represents the frequency counts (or
percents, proportions)—Bars represent the counts

* Fewer bins, smoother histogram, but less detail about
the distribution

« Trade-off between smoothness and detail: We want to
preserve as much detall as possible but we do not want
the graph to be too rough (difficult to discern shape)
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8.1 [HEAA, AR EEp(z), Wk € I, p; = JI p(z) dz,

3

Ep(zx) = py/h, varp(z) = U P1)

UERRR 7R : FEEBIED; = nj/n= J p(z) dz,varp; = p;(1 — p;)/n.
I

&3 SRk SN F

R(p,p)= ?L@{ILF(T)}
= |(p(z) — p(z))? dz

= | Eo(@) (@) do + | (b(a) - Ep(a)* da

= nEiElSEI:I:I- dr + JV(T-} dzr.



17715 (Mean Integral Square Error, fajfr: MISE )

MISE — E [ [(n(z) — p(2))? dg:] |

AMISE — f [(Bias(f))? + Var(f)] dz.



Bias(z) = Ep(z) — p(z) = = — p(x)
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V(z)=-2L

nh?
_ p(z)h + hp'(z)[h(j — 1/2) — 1]
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¢ Simple rule of thumb for small

Histogram of income

datasets (approx. 100 or less)
is: A

# of bins = 2/n 7 - -

¥

e For larger samples, the car
package for R implements
Freedman and Diaconis
(1981) recommended

formula from the n.bins=s
function: N r = [
1;3 |T| .':':I. - mln II: El:lll:ll:l 'II][:I][I 1EIZIIIZIIZI .EIZIIZIIIZIIZI ZEI:II]I]
# of bins = [” (max—min)
2(Q3 - Q1) o

>hist(income, nclass=n.bins(income))
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Choice of hypothesis class introduces learning bias

More complex class — less bias
More complex class — more variance
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bias-variancefm Z 5 % 7 ikt

~

For any estimator @

MSE(@) = E(8 - 6)?
=E(0 —E(0)+E(0)-0)
—E(0 -E(0))+E(E(0)-06)°
=Var(8)+(E(9) - 0)?

)

bias

Note MSE closely related to prediction error:

E(Y, =X 8)2 =E(Y, =X B)? + E(X B — X} B)* = % + MSE(X] /3)



The practical approximate
bandwidth from Cross Validation

J(h) = [(fn)?dz — 237, i (i)
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R(h)=|(p — p(z))*dz

= Fﬁ:’d:ﬂ —2 J-ppd;r + J-p:’{:r.}dx
=J(h) + J-pz{;i:}d:c.
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Parzen Windows ([&EV)

—

— Parzen-window approach to estimate
densities assume that the region K is a d-

dimensional hypercube

V, =h;

(h, :length of the edge of R, )

Let @(u) be the following window function :

@(u) =+

-

1 .
1 ‘“J‘SE j=1,..,d

0 otherwise

o((X-x))/h,) Is equal to unity If x; falls within the
hypercube of volume V, centered at x and
equal to zero otherwise.



— The number of samples in this hypercube Is:

By substituting k,, in equation (7), we obtain the
following estimate:

1S 1 (x-x,
pn(X)=nZV(p( h )

=1 Yn n

P.(X) estimates p(x) as an average of
functions of x and the samples (x;) (I =
1,...,n). These functions ¢ can be general



- ZAH:
The behavior of the Parzen-window method
Case where p(x) =*N(0,1)

Let g(u) = (1/ (27) exp(-u?/2) and h. = h,/+h (n>1)
(hy: known
parameter)
Thus:

IS an average of normal densities centered at the
samples Xi.



Essentially a sophisticated form of locally weighted
averaging of the distribution

Use a weight function (kernel) that ensures the enclosed
area of the curve equals 1

- Probability density functions (such as the standard
normal density function) are good choices because
they are smooth and symmetric

The kernel density estimate is calculated as follows:

1 2 xr— X;
ple) = — K (T r)

i h = h
where K is the kernel density function
x 1S the point where the density I1s estimated
X, is the centre of the interval
h is the bandwidth (or window half-width)




K(z) = 0. JI{(I} dr = 1.
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AN KA T Bias(p), B8, 2 (z—x;)/h =t and x; =z — ht, T HA[H

Jh‘lfi’ ( ! ;I*') p(z;)dz; = :h_lf{{u}p(:r _ ht)d(z — ht)

— | A K (w)p(x — ht)| — hldt

— nfi’(u}p(m — ht)dt

R T p(z — ht) — p(z) = —htp'(z) + $h*%p" (z) + O(h®) BHIL, FAIE

Jh‘lﬁ’ (T — T) p(z:)dz; — p(z)
= | K@)p(z - ht) — p(@)ar

— —hp’(r}JtIi’{t)dt + ith{ﬂ(xjjtzﬁ’(t)dt +O(h?)

— h_,u, (K)p® (z) + O(h®) o (K) = [tzfi’{t}dt.
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¢ If the underlying density
distribution is substantially
nonnormal, h = 0.94n~1/°

produces a window width 2hA
that is too wide (/.e., the
line is too rough), but it is
good as a starting point

¢ As the bandwidth
increases, the density curve
becomes smoother

— Ideally we want a
smooth curve like the
black line to the right
(bw=1087)

Dansity
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hist{income, nclass=n.blns{income), probabpility=l,

main="Histogram with Density Estimation’,

lines(density(income), col=’red’, lwd=2)

lines(density(income, bw = 400,

income

ylab=’Density’)

kernel = c("rectangular")), lty=1, lwd=1)

legend(locator (1), 1lty=1:1, lwd=2:1, col=2:1,

legend=c(’bw=1087", ’bwu=400’))



¢ Unlike histograms we no longer set the number of bins;
instead we must select the bandwidth h. We can do this
visually, but statistical theory provides some help:

h = 0.90n"1/5

¢ The population standard deviation ¢ is unknown so we
replace it with an adaptive estimator of spread (The
sample standard deviation S can be inflated if the
underlying density isn't normal):

hinge sprea{j)
1.349

A = min (5_.

— Hinge spread is the inter-quartile range; 1.349 is the
hinge spread of the standard normal distribution.

¢ The formula for the bandwidth is then:
h = EI.EI'A'H._UE’
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Jh‘lfi’ ( ! ;I*') p(z;)dz; = :h_lf{{u}p(:r _ ht)d(z — ht)

— | A K (w)p(x — ht)| — hldt

— nfi’(u}p(m — ht)dt

R T p(z — ht) — p(z) = —htp'(z) + $h*%p" (z) + O(h®) BHIL, FAIE

Jh‘lﬁ’ (T — T) p(z:)dz; — p(z)
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— h_,u, (K)p® (z) + O(h®) o (K) = [tzfi’{t}dt.
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o AL ENEE R fit=rq(y~X)/5, f4summary(fit,se="...")
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H,(t) = lim — E.lllir'llTl

M —oe F1

filei(T)) AT HRiITHE & B8 1 2L d) 5 H AL
library(quantreq)
fitl=rg(foodexp~income,data=engel) Qo = im E El.l

summary(fitl,se="ker")
summary(fitl,se="boot")
summary(fitl,se="nid")

o RNFRE SRR, TiEEEKRE f(s(7)) H (7)
« Powellzg a0 M bt 51
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smtl confidence envelope

e The =z=m package for
R allows you to plot
variability bands
that are a width of
two standard errors

¢ These bands can be
especially useful for
assessing modality

e More details are in

Bowman and
Azzalini (1997:

Frabability density function

Chapter 2)

i 10000 20000 30000
>library(sm) income

>sm.density(income, display="se"



Probability density function

0, OO0 0, D04 0, OO008 0.00012

j-sm.density{incﬂme, display=”se",mﬂdel="nﬂrmal"}

-.llll-l_lllul |I|"- i II i i |
0 10000 20000 30000

Income



Density

density.default(x = iris[n.5 == 1, 1], width = 0.1 density.default{x = iris[n.5 == 1, 1], width=0.5 density.default(x = iris[n.5 == 1, 1], width = 2)
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(T8 Rafb i) — Mz E e O

2 N T — T;
pl@) =—= > K (‘l hl ) (9.7)
1=1
FEERX Ep(x) R —NaEBEIZ RN T ERE. K() &€ XEd4ET 0 LR
%K, BIK : RY — R, JFil 200 F %A K, (z) = (2n)2exp(—aTz/2)

Ko(x)=3n"(1—aTa) I(zTx < 1)

K(z) >0, |K(z)du=1.
(@) J g Ki(z)=4n'(1—aTa)I(zTx < 1)

K.(xz)= ér_‘.;l(d +2)1—axfe)(zTx < 1)

K 85 % 4k Epanechinikowt% B, Ho et — MR R RKIHEE, ¢1 =2, 0 =
n, cg = 4m/3.

1 - Tr — @
plx) = K -
p(x) ﬂ-h1_"'hd; ( h )
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The kernel smoothing method used for histograms can
be easily extended to the joint distribution of two
random continuous variables

The bivariate density function takes the following form:

1 i 1 — X1 2o — Xn;
(1. 20) = S H(il 15-)}{(@ 25)

nhihy = fiq i

Where KX is the kernel function and (h; and h,) are the
joint smoothing parameters

For univariate densities, probabilities are associated with
area under the density curve. For a bivariate density
curve, probabilities are associated with volume under
the density, where the total volume equals one
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Bias(x) =~ %hgavzp{ﬂ:)?
V(p(x) =~ n~'h™Bp(=).
Hif, = Jmﬂﬁ’(m)dm, 8 = Jf{(m}ﬁdm.
DR L AT T T LA B 00 R 4 2 40 i
AMISE = %h“a? J Vip(x)dz +n~th™9p.
HIE AT A5 B it 5

1/(d+4)
Bopt = {dﬁa—?(J ?Ep{;t:]dﬂ:)} p~1/d+4)

£ EIR BB B, LS p(x) R AR RN, RIUIRATTET LUK 2 48 E85%
hapt _ A(ﬁrjn—l,ﬁ{d—kfi}]

1/(d+4)

b a(K) = {dso(| V2o(wyin) |



L J J
MFAK), EFESTTPRZREEYGE, TR R, Jrdtm S 3 M
W B hopt- LT ARZRETIAK),

Kernel Dimensionality A(K)
K, 2 1
K, d {4/(d + 2}}1f{d+4}
K. 2 2.40
K. 3 2.49
K. d {8c; " (d +4)(2y/m)} 1/ (d+4)
K 2 2.78
K; 2 3.12




e Perspective plots: the

joint distribution is shown

in a 3D plot—height is
used to show level of
density

e Imageplots: different
intensities of colour or
shading denote density
levels

e Contour plots or slice
plots: lines trace paths of
constant levels of density
(similar to the depiction
of elevation in a
geographical contour
map)

#sm library is needed for bivariate density plots below
>library(sm)

>data<-cbind(age,lascale)

#perspective plot is the default

>sm.density(data)

>sm.density(data, display="image")

>sm.density(data, displa ="glice")

lxscale

20

lascale

15

= A -

il

r. 1] 4 &l HIl 1o | 40 &0 = 1] 100
age age

Imageplot Contour plot
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Linear classifier for N((5,0),2)and N((3.4),2)
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¢ The three dimensional density estimate also extends
simply from the bivariate case:

1 ” T _;{. -:-: __j{, T _}{_
pay, e, 23) = y K (2 “)ﬁ: 2 — Xoi) o (23 Er)
nhihohs =) hy ho hy

e Where K is the kernel function and (h,, h,, and h;) are
the joint smoothing parameter

e In these plots contours represent closed surfaces

¢ Like the other density estimates, these are helpful for
assessing clustering of the data



Some examples of three dimensional
density estimates

prestige

income-., _~Education adp

>y <- cbind(income, prestige, education)

>sm.density(y)




Scatterplotmatrix

L 11 1 1 1
=]

Plots individual
scatterplots for all
possible bivariate
relationships at one

time .

Can be enhanced by
adding density
estimates for each
variable on the
diagonal -
Note: Only marginal
relationships are
depicted (i.e., no b B\,
control for other &% oo |
"'u"EII"iEIbIES} T T T 1 it e e

200 3 &0 =0 &0 o 10000 20000 30000

1.1 1.2 13 1.4 148 1

>library(car)
>scatterplot.matrix(cbind(gini, secpay, gdp))

£ 20 e

w

100 20

=R e



Conditioning plots:
An example from the CES

Given : men

1.5 1K= [ B 1.4 1.3
1 1 1 1 1

jiler{lascale)

m 18 X 25 349

F]

15 20 25 W

]

>library(car)
»>coplot(jitter(lascale) “age|men+education,

panel = panel.car, lwd=3, cex=0.4)

Giean | adwcstion
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— Classification example

In classifiers based on Parzen-window
estimation:

* We estimate the densities for each category
and classify a test point by the label
corresponding to the maximum posterior

* The decision region for a Parzen-window
classifier depends upon the choice of window
function as illustrated in the following figure.
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FIGURE 4.8. The decision boundaries in a two-dimensional Parzen-window di-
chotomizer depend on the window width h. At the left a small h leads to boundaries
that are more complicated than for large h on same data set, shown at the right. Appar-
ently, for these data a small h would be appropriate for the upper region, while a large
h would be appropriate for the lower region; no single window width is ideal over-
all. From: Richard O. Duda, Peter E. Harl, and David G, Stork, Fattern Classificalion.
Copyright @ 2001 by John Wiley & Sons, Inc.



The sea bass/salmon
example

Decision rule with only the
prior information

— Decide o, if P(@,) > P(®,)
otherwise decide w,

P(X | @) and P(X | ,)
describe the difference In
lightness between
populations of sea bass and
salmon

03

02

0.1

0.0

Histogram of lu0

12
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Bayes’ Rule

 Posterior, likelihood, evidence

posterior likelihoodprior

“P(e1%) = Px{ @) . PXw) / Pt

_ _ evidence
— Where In case of two categorles

P(x)= 3 P(x|@; )P(a;)

— Posterior = (Likelihood. Prior) / Evidence
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k=S E): H={H,,....,.H } FEARFIEHE: E

P(EIH;)P(H;)

P(H;|E)= P (E)

If we want to pick the most likely hypothesis H*, we can drop P(E)

Posterior probability of H; Prior probability of H.

P(Hil |E) oc P(E|H;)P(H;)
t

Likelihood of data/evidence

If H;is true
48



« Decision given the posterior probabilities

X IS an observation for which:

if P(w, | X) > P(®, | X) &=—> True state of nature = o,
If P(w, | X) < P(w, | X) ——> True state of nature = w,

A I
DML B FEAS x, AT R E 7] Be B IR A2
P X) = Py | X) 4IRAFAE w,
P(H/## | X) = P(w, | X) if we decide o,




* Minimizing the probability of error

* Decide ol if P(wl | X) > P(@2 | X);
otherwise decide w2

o« DA AT LA N RS0 R IE:
P(error | X) = P(w, | X) if we decide w,
P(error | X) = P(w, | X) if we decide o,

I

P(error | X) = min [P(wl | X), P(@2 | X)]



The preceding rule is equivalent to the following rule:

 P(X|@y)

I, -1,, P(w,)

P(x|w,)

21 — Iy | P(w,)

Then take action «, (decide )
Otherwise take action «, (decide w,)

g DU g S )
%Hztﬁ%/\f A

AJ uﬁtﬁ*}&ﬁﬂ N M
T IE X B B AE, S

AFI N @,



. ZFARSECE EAL T N R 5

State:{@; ®,},
Action :

a, . deciding o,
o, . deciding @,

The preceding rule is equivalent to the following rule:

i P(x]| ) - o 1 P(wy;)

P(X|wy) 1, — 1, P(w,)

Then take action ol (decide wl)
Otherwise take action o2 (decide w?2)



Density
1.0 1.5

0.5

0.0

density.default(x = x)

N =130 Bandwidth = 02823

1= 0 1
2 0

newpoint=2 class=1
newpoint=0.1 class=2
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